In a magnetic field two-dimensional (2d) electron systems host, with quenched kinetic energy, a variety of many-body correlation phenomena, such as interaction-driven new states and associated collective excitations over them. In a magnetic field the two-body operators pertinent to the 2d Coulomb interaction obey a crossing relation, with which the Coulomb interaction is also cast into the form of manifest exchange interaction. It is shown that active use of this direct/exchange duality of the interaction allows one to develop, within the framework of the single-mode approximation, a new efficient algorithm for handling a wide class of collective excitations. The utility of our algorithm is demonstrated by studying some examples of inter-and intra-Landau-level collective excitations in graphene and in conventional electron systems.
Introduction
Two-dimensional (2d) electron systems such as GaAs heterostructures 1 and graphene 2−4 attract great attention in both applications and fundamental physics for their novel and promising features that reflect the dynamics specific to two dimensions and enriched with many-body correlations. In a magnetic field, in particular, the kinetic energy of electrons is quantized to form a tower of flat Landau levels and, along with such a large kinetic degeneracy, the Coulomb interaction between carriers essentially governs the physics of many-body correlations, such as the fractional quantum Hall (FQH) effect 5, 6 and some exotic states arising from the interplay of interaction and internal degrees of freedom (spin, valley, layer, etc.). Also of interest are collective excitations (such as spin waves and pseudospin waves) which such states support.
Inter-Landau-level excitations are also amenable to many-body effects. For (conventional) 2d electrons with quadratic dispersion, cyclotron resonance takes place only between adjacent levels and is scarcely affected by the Coulomb interaction, as implied by Kohn's theorem. 7, 8 The situation is quite different for graphene which develops a quasi relativistic pattern of Landau levels, with a variety of cyclotron resonance 9 within the conduction or valence band and across the two bands. Manybody corrections 10−13 to such intra-and inter-band resonance, e.g., energy shifts and renormalization effects, reveal the nature of the underlying Dirac-like electrons, and have indeed been observed 14−16 in experiment. Bilayer (and few-layer) graphene 17 is even richer in "quasi-relativistic" effects, 18−23 such as orbital degeneracy in the lowest Landau level and its lifting 24, 25 by many-body effects. Among theoretical frameworks 26−32 to handle such many-body effects are meanfield theory, Hartree-Fock (HF) approximation, the single-mode approximation (SMA), etc. In particular, the SMA, reformulated and adapted for quantum Hall systems by Girvin, MacDonald and Platzman, 30 is a general and powerful means of studying many-body effects in a magnetic field. The purpose of this paper is to elaborate on the SMA and develop a new algorithm to facilitate actual calculations. We first note that in a magnetic field the two-body operators pertinent to the Coulomb interaction obey a crossing relation, with which the normal direct form of interaction is also cast into the form of manifest exchange interaction. Active use of this direct/exchange duality of the interaction allows one to effectively replace the calculation of two-body correlation functions (the static structure factors) crucial to the SMA by a far simpler calculation of the expectation values of some one-body charges. We study some examples of inter-and intra-Landau-level collective excitations to demonstrate the utility of the new algorithm and to supply some relevant techniques.
In Sec. 2 we refer to the case of graphene and set up notation for handling general 2d electrons in a magnetic field. In Secs. 3 and 4 we elaborate on the framework of the SMA, note the direct/exchange duality of the Coulomb interaction, and formulate our algorithm for general inter-Landau-level excitations. In Sec. 5 we examine many-body corrections to cyclotron resonance in graphene. In Sec. 6 we extend our algorithm to intra-Landau-level collective excitations in flavor (spin, valley, etc) space. In Sec. 7 we study how to handle genuine density fluctuations in our approach, such as those over the FQH states. Section 8 is devoted to a summary and discussion.
Electrons in a magnetic field
The electrons in graphene are described by two-component spinors on two inequivalent lattice sites (A, B). They acquire a linear spectrum (with velocity v ∼ 10 6 m/s) near the two inequivalent Fermi points (K, K ′ ) in momentum space, and are described by an effective Hamiltonian of the form, where Π i = p i +eA i [with (i = (1, 2) or (x, y)] involve coupling to external potentials (A i , A 0 ) and σ i denote Pauli matrices. The Hamiltonians H ± describe electrons at two different valleys a ∈ (K, K ′ ), and δm stands for a possible tiny sublattice asymmetry; we take δm > 0, without loss of generality.
Let us place graphene in a uniform magnetic field B z = B > 0 by setting A i = (−By, 0). The electron spectrum then forms an infinite tower of Landau levels of energy
at each valley (with s n ≡ sgn[n] = ±1), labeled by integers n ∈ (0, ±1, ±2, . . . ) and p x , of which only the n = 0 (zero-mode) levels split in valley (hence to be denoted as n = 0 ± ),
Here we have set, along with magnetic length ℓ ≡ 1/ √ eB,
The eigenmodes at each valley a are written as ψ a n = ||n| − 1 b a n , ||n| c a n t
[here only the orbital eigenmodes are shown using the harmonic-oscillator basis {|n }], with (b n , c n ) given by
where α ± n = √ 1 ± s n δ n and δ n = µ/ µ 2 + |n|; δ n ≪ 1 for n = 0 while δ 0± = 1. One can pass to another valley K ′ by noting the relation σ 3 H − σ 3 = −H + . This means that the two valleys are related as
Thus the Landau-level spectra as a whole are electron-hole symmetric. For δm → 0 the two valleys differ only by the n = 0 ± modes, with (b 0± , c 0± ) = (0, ∓1),
(1, −s n ) and ǫ n → s n ω c |n|. The Landau-level structure is made explicit by passing to the |n, y 0 basis (with y 0 ≡ ℓ 2 p x ) via the expansion (ψ, χ) = n,y0 x|n, y 0 {ψ n;a α (y 0 )}, where n refers to the Landau level, a ∈ (K, K ′ ) to the valley and α ∈ (↓, ↑) to the spin. The Lagrangian thereby reads 
with γ p = e 
Here, for notational simplicity,
we have suppressed spin and valley labels. Actually it is convenient to treat them collectively with the level label n → (n, a, α). One may regard, e.g., R 
where
for m ≥ n ≥ 0, and f
it is understood that f mn p = 0 for m < 0 or n < 0. In view of Eq. (7), g mn;a p at the two valleys are related as
Some explicit forms of g
with c
From now on we frequently suppress summations over levels n, valleys a and spins α, with the convention that the sum is taken over repeated indices. The onebody Hamiltonian H is thereby written as H = ǫ a n R nn;aa
Here, for generality, the Zeeman term µ Z ≡ g * µ B B is introduced.
a We remark that an alternative choice of the U(1) phase of the harmonic-oscillator basis, |n → (e iα ) n |n , allows one to replace cn → e iα cn in Eq. (5) and p = py + ipx → e iα p in f kn p , which is essentially a rotation in xy plane. (15) and (16) applies to general electron systems in a magnetic field as well, so does our analysis below. For conventional 2d electrons, e.g., one may simply set ǫ n → ω c (n + 1 2 ) with ω c = eB/m * and restrict orbital labels to n ∈ (0, 1, 2, · · · ) and g
Collective excitations
Suppose now that a uniform ground state |Gr is realized at some filling factor in a magnetic field. Our task is to study collective excitations over this ground state using the Hamiltonian H + V . For definiteness, let us consider interlevel excitations from {j; a, α} to {n; b, β}, using the SMA. The SMA is a variational method 30 αβ;−p so that ΞR is hermitian; here we consider general n ← j channels all together and the sum over orbital (and suppressed valley and spin) labels is understood. One then regards interlevel excitation as a W ∞ -rotation e −iΞR |Gr of |Gr in the orbital space, and evaluates the associated energy. Note first that, via U = e iΞR , the field ψ m turns into
where (8) and taking the expectation value Gr| · · · |Gr then reveals the associated energy change in the form of Lagrangian 34 for Ξ,
with
.] Our task in this paper is to develop a general and efficient way to calculate the effective Lagrangian (19) . To this end one first needs a set of ground-state expectation values, which we denote as Gr|R mn;ab
for good quantum numbers {n, a, α}, where ν aα n denotes the filling fraction of the {n, a, α} level andρ ≡ 1/(2πℓ 2 ). If, for example, there arises mixing in valley, one has to first rotate the field ψ in valley space and define filling fractions only for a set of good (i.e., diagonal) valley labels. In what follows we regard one-body labels {n, a, α} of H as good quantum numbers and study many-body effects to O(V ).
The one-body part of L Ξ in Eq. (19) is solely governed by the expectation values of rotated charges (R
In particular, the ground-state expectation values are neatly written as
where for generality we have restored valley indices. From now on expectation values Gr| · · · |Gr will be simply denoted by · · · . The one-body j,a ǫ a j (R jj;aa
where, in passing, we have cast n,j ǫ 
whereΞ ≡ ∂ t Ξ. They combine to constitute the one-body part of the effective Lagrangian:
where we have rescaled Ξ 26).
To handle the Coulomb interaction one needs the knowledge of the static structure functions R ij p R kℓ −p , to be examined in the next section.
Direct/exchange duality of the Coulomb interaction
In the y 0 basis the plane wave e −ip·r is a unitary matrix, (e −ip·r ) † = e ip·r , with elements
They obey the completeness relation
as verified directly, where δ y0,z0 ≡ δ(y 0 − z 0 ) andρ ≡ 1/(2πℓ 2 ). This relation allows one to invert the charge operators R
This inversion formula has long been known.
26,27
Consider now the normal-ordered product :
n and let ψ j † be paired with ψ n and ψ m † with ψ k , using Eq. (29). A little algebra b then yields the crossing formula
See Fig. 1 . For the regular product R −p R p the crossing relation is somewhat complicated:
b Note that dy 0 y 0 |e ip·r |y 0 =ρ δ p,0 and k e i ℓ 2 p×k = (ρ) 2 δ p,0 .
The Coulomb interaction V in Eq. (16) has direct interaction and also exchange interaction at the quantum level. The crossing relation (30) allows one to rewrite V in the form of exchange interaction,
This makes manifest, on the operator level, the direct/exchange duality of the 2d Coulomb interaction in a magnetic field. In view of Eq. (30) the normal-ordered static structure factors obey the relation
For a general uniform many-body state |Gr , the structure factors : R 30 ) Possible p dependenceŝ n (p) comes from nontrivial correlations within a partially filled level n, andŝ n (p) → 0 as ν n → 1, i.e., for a filled level. Let us isolate a constant piece, s n (p) =ŝ n (∞) + δŝ n (p), so that δŝ n (p) has a Fourier transform. Substituting Eq. (34) into Eq. (33) then implies that
Actually,ŝ n (∞) = 1 − ν n is consistent with the HF approximation, which leads 29 tô s n (p) = 1 − ν n . Thus δŝ n (p) stands for a possible deviation from the HF treatment, and such a deviation is present in the exact result. Indeed, for Laughlin's wave function 6 for the FQH states with ν = 1/3, 1/5, · · · , e.g., one knows quite generally 30 thatŝ n=0 (p) → 0 as p → 0 whileŝ 0 (p) → 1 − ν for large |p|. Thus δŝ n (p) arises for small |p|. It will be enlightening here to understand the HF-approximation result in the following way: Suppose that the nth level simply consists of filled modes {|y 0 } fill of fraction ν n and empty modes {|y (ii), yielding :
In reality it is a hard task to calculate p-dependent correlation δŝ n (p) for general configurations; one, e.g., has to resort to an exact diagonalization study.
c Let us for the moment ignore δŝ n (p), which, if needed, is easily and formally recovered. 
Let us now consider the Coulombic corrections U ≡ e iΞR R jk p e −iΞR ; the normal-ordered nature of the products is thereby left intact. Thus, e.g.,
The crossing relation (30) is also promoted to the dressed form,
The O(Ξ r ) piece of (R 
Associated with these are the delta-function pieces ∝ δ p+k1+k2+···+kr,0 . The remaining pieces are not "constants" any more and now consist of products of exponentials (sines and cosines) in p, such as e iℓ 2 p×k1 and e iℓ 2 k2×(p+k1) , as seen from Eq. (22); that is, they are periodic functions in p and their Fourier images (p → k) are a variety of monochromatic spectra, i.e., delta functions in dual variable k. Thus the (nonsingular) oscillating pieces are again expressed in terms of the (singular) delta-function pieces in the dual expression. The relevant singular pieces ∝ δ p+k1+k2+···+kr,0 are uniquely summarized by the expectation value (R −p ) U . This means that : (R −p ) U (R p ) U : is calculable via (R p ) U , i.e., Eq. (37) is also promoted to rotated charges,
One can also write
Equation (42) is one of the key results of the present paper, and allows one to evaluate the structure factors : R U R U : by a far simpler calculation handling only expectation values R U . Normally great labor is needed to calculate such structure factors of rotated charges R U . They, when expanded in powers of Ξ, proliferate rapidly in number and variety of terms, but many of them turn out to vanish on substituting the zeroth-order factors : RR : . Note that in Eq. (42) integration over {k i } of {Ξ ki }, normally made toward the end of calculation, is carried out first in evaluating the expectation values R U . Our formula (42) or (43) thus neatly rearranges steps of calculations and achieves a most efficient approach to the goal.
Coulombic corrections
The calculation of many-body corrections V 
where c(p, k) ≡ cos(ℓ 2 p×k). The first term ∝ D nj;ba k comes from the direct interaction and is short-ranged as it vanishes for k → 0. The exchange correction ∝ E nj;ba k is composed of the self-energy corrections due to the filled levels and an attraction between the excited electron and hole pair. The effective Lagrangian is now given by L Ξ = L 
Equations (44) - (46) agree with and partly generalize some earlier calculations.
10−12,31
So far we have retained valley labels for practical applications as well as to show the generality of our method of calculation. In general, when one considers a specific n ← j interlevel excitation one also has to take into account all such related excitation channels that are strongly mixed with it via the short-ranged direct interaction ∝ D nj;ba k and eventually go through a matrix diagonalization, as done in the literature.
10,11
Instead of handling such a general case, we from now on focus on cyclotron resonance, i.e., optical interlevel excitations at zero momentum transfer k → 0, where no mixing takes place, with the selection rule 9 ∆|n| = ±1, i.e., (i) n+1 ← ±n and (ii) ±n ← −(n + 1) for n = 0, 1, 2, · · · . The n ← j resonance energy is then simply written as
for each (valley, spin) channel. In particular, for the 1 ← 0 resonance
where the contribution of δE 10 k is also included. For conventional 2d electrons, one only has the last term ∝ {ν 0 − δŝ 0 }, though it actually vanishes in accordance with Kohn's theorem. 7 It happens to vanish also for (∆ǫ 1,0 of) graphene, since |g . Thus ∆ǫ 1,0 consists solely of the self-energy correction due to the filled valence band and is actually logarithmically divergent.
Cyclotron resonance in graphene and bilayer graphene was studied earlier.
10−12
Here we briefly review it and present some basic formulas that clarify the structure of the selfenergy corrections. Let us first note the completeness relation
that, in general, holds for the eigenmodes of the one-body Hamiltonian. The infinite sum in the self-energy corrections to level n is thereby rewritten as
The resonance energy corrections ∆ǫ n,j then reveal the underlying electron-hole (eh) symmetry,
where θ (k≥1) = 1 for k ≥ 1 and θ (k≥1) = 0 otherwise; analogously for θ (k≤−1) . Here G nj p summarize corrections due to a finite number of electron or hole levels around the n = 0 level, as seen from the definition of the eh-symmetric filling factor ν[k]. The filled valence band also gives rise to eh-symmetric corrections ∝ s n F |n| (z). Formulas (49) -(53) serve to provide compact analytic expressions for some numerically-handled portions of an earlier analysis.
12 They are equally generalized to the case of few-layer graphene.
For simplicity, let us set tiny valley breaking µ → 0 below; actually, µ = 0 requires separate renormalization. 12 One then finds that, for n ≥ 1, F n (z) > 0, F n (0) = 1 and F n (z) ≈ n/2/(ℓ|p|) for p → ∞, which reveals that the divergence in ∆ǫ n,j is proportional to the large-p behavior of s n F |n| (z) − s j F |j| (z), i.e., of the form ∝ (s n |n| − s j |j|) log(ℓ Λ), with momentum cutoff Λ.
This implies that the divergences in all ∆ǫ n,j are removed via renormalization 35 of the velocity
with δv = (Z v − 1) v ren . Indeed, setting ǫ n = ǫ ren n + δ ct ǫ n with renormalized energy ǫ ren n = s n 2|n| v ren /ℓ and the counterterm δ ct ǫ n ∝ s n |n| δv, one can rewrite the excitation energy as
Direct-exchange duality of the Coulomb interaction . . . 13 Momentum profiles of (rescaled) many-body corrections △ǫ n,j /(sn |n| − s j |j|) for some typical channels.
All the corrections (△ǫ n,j ) ren ≡ δ ct ǫ n − δ ct ǫ j + △ǫ n,j are now clearly made finite by a single choice of δv.
Let us choose δv so that (△ǫ 1,0 ) ren = 0, or
The renormalized corrections (△ǫ n,j ) ren are thereby given by △ǫ n,j in Eq. (53) with F |n| (z) and F |j| (z) replaced by the renormalized counterparts
A key effect of renormalization is the fact that, as implied by v = v ren | B + δv| B , the renormalized velocity runs with the magnetic field, Figure 2 shows momentum profiles of some rescaled corrections △ǫ n,j /(s n |n|− s j |j|) associated with levels n = 0, ±1, ±2. Changes in profile relative to the 1 ← 0 profile represent the genuine corrections after renormalization. The general tendency is that such renormalized corrections are negative for intraband resonance and positive for interband resonance. Actually this is consistent with an experiment 14 which observed an appreciable deviation of the ratio of ǫ 
Intralevel excitations
In this section we examine some examples of collective excitations within a Landau level. The first example is a monolayer prototype with ordinary electrons of spin up and down occupying the n = 0 Landau level at half filling ν = 1. Let us form the spin doublet ψ = (ψ n a with n ≡ (n 1 , n 2 , n 3 ) pointing in a definite direction in spin space; n · n = 1.
The Zeeman energy −µ Z ρ 3 naturally favors n 3 = 1 whereas, in the µ Z → 0 limit, spin n may take any direction, giving rise to spontaneous spin coherence. 32 Such a ground state supports collective spin excitations via Coulomb interactions. Let us now study their spectra in some detail.
As before, we describe such spin waves as a local spin rotation U −1 |Gr of |Gr with U = e iΞR , where ΞR now stands for p
We thus consider L Ξ in Eq. (19) and now substitute for H tot the Coulomb interaction acting within the n = 0 level
For R µ p the crossing relation (30) takes the form
and Greek letters run over (0, 1, 2, 3). V 0 is thereby cast into the dual form
with a sum over a ∈ (1, 2, 3) and
where z = 
where c k,p ≡ cos( 
U is reduced to a surface integral equal to 4πℓ 2 Q top , where 
On the other hand, the
p , and the Zeeman energy
The excitation spectrum consists of the Zeeman gap µ Z and the Coulombic energy
in agreement with an earlier result 28 ; this ǫ p rapidly rises with increasing |p| and approaches v dual 0 = π/2 V c for p → ∞. In the limit µ Z → 0, the spin n can point in any direction and spin waves have the spectrum ǫ p .
This Lagrangian L eff applies to some other cases as well. (i) Valley pseudospin waves in graphene. Consider, e.g., the ν = 0 vacuum state in graphene with degenerate valley (δm → 0) and frozen spin (via the Zeeman energy). The half-filled n = 0 level will then support a local valley excitation which is described by this L eff with µ Z → 0. (ii) Layer excitations in bilayer systems. Consider a bilayer system of conventional electrons with frozen spin, and replace, in the above analysis, the spin by the layer, with (↑, ↓) now reinterpreted as (upper layer, lower layer). Then L eff (with µ Z → 0) describes local layer-pseudospin excitations in the half-filled n = 0 level (at ν = 1) of such a bilayer system 32 (in the limit of zero separation). Let us here look into the latter case in more detail, especially to see how our present framework streamlines actual calculations. In bilayer systems the difference between intralayer and interlayer Coulomb potentials (v p and e −d|p| v p with interlayer separation d) gives rise to layer SU(2) breaking, which drives spontaneous layer coherence, 32 with equal population of electrons in both layers. To verify this let us try to improve L eff in Eq. (66).
For a bilayer with separation d, the Coulomb interaction takes the form of V 0 in Eq. (59) with
Thus the addition to V 0 is of the form
Since v − p > 0, ∆V favors layer pseudospin n 3 = 0, i.e., equal population in both layers. Its dual form is
Intralevel density excitations
So far we have handled collective excitations described as rotations in orbital space or in spin or valley space. In this section we consider how to treat intralevel density excitations such as those 30 over the FQH states. For definiteness let us consider (single-spin) density fluctuation within the partially-filled nth level (with 0 < ν n < 1), described by a trial state R nn −p |Gr . Such a density excitation is not described by a phase rotation alone and requires an amplitude modulation as well. Indeed, for a real phase (Ξ 
where · · · ≡ Gr| · · · |Gr . One can thus suppose a Lagrangian of the form
with (Ξ 
This agrees with and somewhat generalizes an earlier result. 
Summary and discussion
In this paper we have developed a new efficient algorithm for studying many-body effects on 2d electrons in a magnetic field, and verified its utility by examining inter-Landau-level excitations in graphene and some intra-Landau-level collective excitations in monolayer and bilayer systems. The key observation is the fact that in a magnetic field the Coulomb interaction obeys the crossing relation in Eq. (30) (40) takes a natural and simple form for normal-ordered products : R p R −p : rather than regular products R p R −p . As noted in the course of our discussion, normal ordering is maintained within the algebra of charge operators, e.g., [ : V : , R p ] = : [V, R p ] :. This suggests that normal-ordered products are the natural entity to handle in the formulation and practice of the SMA.
The usefulness of the present algorithm will be further appreciated when one handles some more complex systems of 2d electrons, such as few-layer graphene in which a host of new many-body effects 21−25 come into play, and the case of collective excitations over non-uniform ground states. 26, 27 Research in this direction will be reported elsewhere.
